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THE MICROSCOPIC DYNAMICS OF A SPATIAL 
ECOLOGICAL MODEL 

YURI KONDRATIEV AND YURI KOZITSKY 


Abstract. The evolution of states of a spatial ecological model is stud¬ 
ied. The model describes an infinite population of point entities placed 
in R“ which reproduce themselves at distant points (disperse) and die 
with rate that includes a competition term. The system’s states are 
probability measures on the space of configurations of entities, and their 
evolution is described by means of a hierarchical chain of equations for 
the corresponding correlation functions derived from the Fokker-Planck 
equation for measures. Under natural conditions imposed on the model 
parameters it is proved that the correlation functions evolve in a scale 
of Banach spaces in such a way that each correlation function corre¬ 
sponds to a unique sub-Poissonian state. Some further properties of the 
evolution of states constructed in this way are also described. 
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1. Introduction 


1.1. Posing. The development of a mathematical theory of complex living 
systems is a challenging task of modern applied mathematics [3|. In this 
paper we continue, cf. m Ei nni nu, studying the model introduced in 
0 ® [ 20 ]. It describes an infinite evolving population of identical point 
entities (particles) distributed over R rf , d > 1, which reproduce themselves 
and die, also due to competition. In a sense, this is the basic individual- 
based model in studying large ecological communities (e.g., of perennial 
plants), see [23] and [ 21 ) page 1311]. As is now commonly adopted, see, 
e.g., [5l (61(23]. the appropriate mathematical context for studying models of 
this kind is provided by the theory of random point fields on M. d in which 
populations are modeled as point configurations constituting the set 

T = {7 C R d : I 7 n A| < 00 for any compact A C }, (1.1) 


where j • | denotes cardinality. It is equipped with a cr-field of measurable 
subsets that allows one to consider probability measures on T as states of the 
system. To characterize such states one employs observables - appropriate 
functions F : T — > R. Their evolution is obtained from the Kolmogorov 
equation 

= LF t , F t \ t= o = Fo, t > 0, (1.2) 

where the ‘generator’ L specifies the model. The states’ evolution is then 
obtained from the Fokker-Planck equation 


dt fk ~ 

related to that in ( 11 . 21 ) by the duality 


dt\t=o — do, 


(1.3) 


F 0 ddt = / F t dd 0 . 


The generator of the model studied in this paper is 


(LF)( 7 ) = ^[m + E-(x ll \x)][F( 1 \x)-F( 1 )] (1.4) 

£€7 


+ / E+ {y, 7 ) [^(7 U y) - F( 7 )] dy, 

JR d 
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where 

E ± (x,j) := ^a ± {x-y). (1.5) 

y 67 

The first summand in (|1.4|) corresponds to the death of the particle located at 
x occurring independently at rate m > 0 (intrinsic mortality) and under the 
influence of the other particles in 7 - at rate E~ (x,'y\x) > 0 (competition). 
The second term in (11.41) describes the birth of a particle at y £ M. d occurring 
at rate E + (y, 7 ) > 0. In the sequel, we call a~ and a + competition and 
dispersal kernels , respectively. This model plays a significant role in the 
mathematical theory of large ecological systems, see, e.g., [23] for a detailed 
discussion and the references on this matter. The version of m with 
a~ = 0 is the continuum contact model studied in mm- Having in mind 
the results of these works, along with purely mathematical tasks we aim 
at understanding the ecological consequences of the competition taken into 
account in m- 

The problem of constructing spatial birth and death processes in infinite 
volume was first studied by R. A. Holley and D. W. Stroock in their pio¬ 
neering work m , where a special case of nearest neighbor interactions on 
the real line was considered. For more general versions of continuum birth- 
and-death systems, the few results known by this time were obtained under 
substantial restrictions on the birth and death rates. This relates to the 
construction of a Markov process in m , as well as to the result obtained 
in [9] in the statistical approach (see below). In the present work, we make 
an essential step forward in studying the model specified in (| 1 .4 D assuming 
only that the kernels a± satisfy some rather mild condition. 

The set of finite configurations To is a measurable subset of T. If y is 
such that /i(To) = 1, then the considered system is finite in this state. If 
Hq in (11.31) has such a property, the evolution fiQ i-a y t can be obtained 
directly from (11.31) . see [19] . In this case /ii(To) = 1 for all t > 0. States 
of infinite systems are mostly such that /i(To) = 0, which makes direct 
solving (11.31) with an arbitrary initial state ^0 rather unaccessible for the 
method existing at this time, cf. [16]. In this work we continue following 
the statistical approach, cf. [2 0 0 ES 01 ], in which the evolution of 
states is described as that of the corresponding correlation functions. To 
briefly explain its essence let us consider the set of all compactly supported 
continuous functions 9 : M. d —> (—1,0]. For a probability measure y on T its 
Bogoliubov functional mm is defined as 

b u(o)= f + (!- 6 ) 

°' r 3:67 

with 9 running through the mentioned set of functions. For tt k - the homo¬ 
geneous Poisson measure with intensity x > 0, (11.61) takes the form 


B-kJS) = exp 


x 


9(x)dx 
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In state 7 t x , the particles are independently distributed over with density 
x. The set of sub-Poissonian states Vsp is then defined as that containing 
all the states fi for which B^ can be continued, as a function of 6, to an 
exponential type entire function on This exactly means that B^ 

can be written down in the form 

°° i r 

= k ( J l \xi,...,x n )8(x 1 )---0(x n )dxi---dx n , (1.7) 

^o re! V)™ 

(n) 

where k/j,' is the n-th order correlation function corresponding to fi. It is a 
symmetric element of L°°((M d ) n ) for which 

ll^ n) llx~((R d )”) < C'exp(an), n € N 0 , (1.8) 

with some C > 0 and a £ R. This guarantees that B^ is of exponential 
type. One can also consider a wider class of states, P ana i, by imposing the 
condition that B^ can be continued to a function on L 1 (M rf ) analytic in some 
neighborhood of the origin, see m- In that case, the estimate corresponding 
to (11.81) will contain n\Ce an in its right-hand side. States // € P ana i are 
characterized by strong correlations corresponding to ‘clustering’. In the 
contact model the clustering does take place, see [13 E] and especially [8l 
Eq. (3.5), page 303]. Namely, in this model for each t > 0 and n G N the 
correlation functions satisfy the following estimates 

const • n!c™ < k[ n \x i,..., x n ) < const • nlC 

where the left-hand inequality holds if all x t belong to a ball of sufficiently 
small radius. If the mortality rate m is big enough, then Ct —>• 0 as t —> 
Too. That is, in the continuum contact model the clustering persists even 
if the population asymptotically dies out. With this regard, a paramount 
question about the model C3D is whether the competition contained in 
L can suppress clustering. In short, the answer given in this work is in 
affirmative provided the competition and dispersal kernels satisfy a certain 
natural condition. They do satisfy if a~ is strictly positive in some vicinity 
of the origin, and a + has finite range. 

1.2. Presenting the result. In this work, for the model described in (11.41) 
and (11.51) we obtain the following results: 

(i) Under the condition on the kernels ar 1 formulated in Assumption 
H] we prove in Theorem 13.31 that the correlation functions evolve 
k^o ^ kf 1l> in such a way that each is the correlation function 
of a unique sub-Poissonian measure nt- 

(ii) We give examples of the kernels a 1 * 1 which satisfy Assumption [T[ 
These examples include kernels of finite range - both short and long 
dispersals (Proposition 13.71) . and also Gaussian kernels (Propositions 
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(iii) For the whole range of values of the intrinsic mortality rate m, in 
Theorem 13.41 we obtain the following bounds for the correlation func¬ 
tions holding for all t > 0: 

( i ) 0 < kl n \xi,..., x n ) < C/- 1 exp (n((a + ) — 5)t) , 0 <m<(a + ), 

(ii) 0 < kf U \x i,... ,x n ) < C™e~ £t , m > (a + ), 

where (a + ) is the L 1 -norm of a + , Cs and C e are appropriate positive 
constants, whereas 5 < m and e £ (( a + ),m ) take any value in the 
mentioned sets. By (11.71) these estimates give upper bounds for the 
type of B^. We describe also the pure death case where (a + ) = 0. 
More detailed comments and comparison with the previous results on this 
model are given in subsection 13.31 below. 

2. The Basic Notions 

A detailed description of various aspects of the mathematical framework 
of this paper can be found in [3 El El 13 EH 031 03 08j [22] . Here we present 
only some of its aspects and indicate in which of the mentioned papers 
further details can be found. By £>(R rf ) and H)-,(R rf ) we denote the set of all 
Borel and all bounded Borel subsets of R' 3 *, respectively. 

2.1. The configuration spaces. The space T defined in (11.11) is endowed 
with the weakest topology that makes continuous all the maps 

T37^E^)- feC 0 (R d ). 

x £7 

Here Co(M d ) stands for the set of all continuous compactly supported func¬ 
tions / : W l — > R. The mentioned topology on T admits a metrization which 
turns it into a complete and separable metric (Polish) space. By H(T) we 
denote the corresponding Borel cr-field. For n £ No := N U {0}, the set of 
n-particle configurations in R d is 

r(°) = {0}, = {rj C X : \rj\ = n}, n € N. 

For n > 1, r( n ) can be identified with the symmetrization of the set 

j(xi, .. • ,x n ) € (R d ) U : Xi ^ Xj , for i / j| , 

which allows one to introduce the topology on related to the Euclidean 
topology of R rf and hence the corresponding Borel c-field £>(r( n )). The set 
of finite configurations 

r 0 := U r(n) 

neNo 

is endowed with the topology of the disjoint union and with the correspond¬ 
ing Borel cr-field H(Fo). It is a measurable subset of T. However, the topol¬ 
ogy just mentioned and that induced on Tq from T do not coincide. 



6 


YURI KONDRATIEV AND YURI KOZITSKY 


For A € the set Ta := {7 € T : 7 C A} is a Borel subset of 

To- We equip Ta with the topology induced by that of To- Let £>(Fa) be 
the corresponding Borel er-field. It can be proved, see m Lemma 1.1 and 
Proposition 1.3], that 

6 (r A ) = {r A nT:TeB(r)}. 

It is known [T. page 451] that £>(r) is the smallest cr-held of subsets of T 
such that all the projections 

r 3 7 •-> pa(t) = 7A := 7 L 1 A, A <E B h (R d ), ( 2 . 1 ) 

are B(T)/B(T\) measurable. This means that (r,£>(r)) is the projective 
limit of the measurable spaces (Fa,H(Fa)), A £ £>b(®^)- 

Remark 2.1. From the latter discussion it follows that To £ £>(r) and 

b(t 0 ) = {Anr 0 : a £ B(r)}. ( 2 . 2 ) 

Hence, a probability measure [i on H(r) with the property ^(Tq) = 1 can 
be considered also as a measure on £>(ro). 

2.2. Functions and measures on configuration spaces. A Borel set 
T C T is said to be bounded if the following holds 

N 

t c (J 

n=0 

for some A £ £>b(®^) and N £ N. In view of (12.2jl . each bounded set is in 
H(r 0 ). A function G : To — > R is measurable if and only if, for each n £ N, 
there exists a symmetric Borel function G ^ : (M d ) n —» R such that 

G(ri) = G ( - n \xi,...,x n ), for rj = {x i,...,x n }. (2.3) 

Definition 2.2. A bounded measurable function G : To —> R is said to have 
bounded support if: (a) G(rj) = 0 whenever rjd A c / 0 for some A £ £>b(R rf ), 
A c := R rf \ A; (b) G ^ = 0 whenever n > N for some £ N. The set of all 
such functions is denoted by Hb s (Fo). For a given G £ Hb s (Fo), by N(G) 
we denote the smallest N with the property as in (b). 

A map F : T — > R is called cylinder function if there exist A £ Hb(R d ) 
and a measurable G : Ta —>• R such that, cf. ( 12 . 11 ) . F( 7 ) = G( 7 a) for all 
7 £ T. Clearly, such a map F is measurable. By Jy-y^F) we denote the set 
of all cylinder functions. For 7 £ T, by writing 7 <e 7 we mean that r) C 7 
and 77 is finite, i.e., 77 £ To- For G £ Hb s (Fo), we set 

(KG)( 1 ) = J2G( 77 ), 


7 £ r. 


(2.4) 
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By |14| we know that K maps -BbsfTo) onto J~ C y\ (T) and is invertible. The 
Lebesgue-Poisson measure A on £>(Pq) is defined by the relation 



G(rj)X{drj) = G(0) + 



. .,x n )dx i•• -dx n , 


(2.5) 


which has to hold for all G £ B b s (ro)> cf. (12.31) . Note that Bp s (To) is a 
measure defining class. Clearly, A(Y) < oo for each bounded T £ jB(To). 
With the help of (12.51) . we rewrite (11.71) in the following form 

B n( d ) = ^n(v) (n^)j X ( dr l )• ( 2 - 6 ) 


In the sequel, by saying that something holds for all ij we mean that it holds 
for A-almost all rj £ To- This relates also to (12.31) . 

Let V(T), resp. 'P(ro), stand for the set of all probability measures on 
£>(r), resp. f3(To). Note that 'P(To) can be considered as a subset of 'P(T), 
see Remark ED For a given /x £ 'P(T), the projection p A is defined as 

^{A) = p(pl\A)), A£B(T A ), (2.7) 

where pj i 1 (A) := {7 £ T : p A (y) £ A}, see (12.11) . The projections of the 
Lebesgue-Poisson measure A are defined in the same way. 

Recall that P ana i (resp. V s p) denotes the set of all those // £ V(T) for 
each of which B^ defined in (11.61) , or (12.61) , admits continuation to a function 
on L 1 ( W l ) analytic in some neighborhood of zero (resp. exponential type 
entire function). The elements of V s p are called sub-Poissonian states. One 
can show m Proposition 4.14] that for each A £ £>b(M d ) and /x € V s p, /x A is 
absolutely continuous with respect to A a . The Radon-Nikodynr derivative 

= ^k(v), V £ Pa, (2-8) 

and the correlation function ku satisfy 

kM = f Rfa U OA A (d0, r, £ r A , (2.9) 

jTa 

which holds for all A £ Bp (R^). Note that (12.91) relates i? A with the restric¬ 
tion of k n to r A . The fact that these are the restrictions of one and the 
same function k^ : To —> M corresponds to the Kolmogorov consistency of 
the family {^ A } AgBb(Rl i ) . 

By (12.41) . (12.7]) . and (12.91) we get 


J {KG)('yMd'y) = {{G, U, 

which holds for each G £ Bp s (r 0 ) and p £ V s p. Here and in the sequel we 
use the notation 

((G,k))= [ G( V )k( V )X{d V ), (2.10) 

Jr 0 
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Define 

B£ s (T 0 ) = {G£ B hs (T 0 ) : KG ^ 0, (KG)(i) > 0 for all 7 6 T}. ( 2 . 11 ) 

By (14, Theorems 6.1 and 6.2 and Remark 6.3] we know that the following 
holds. 


Proposition 2.3. Let a measurable function k : Tq —> K have the following 
properties: 

({) ((G, k)) > 0 for all G £ B(, s ( T 0 ), (2.12) 

(ii) k($) = 1, (in) k(rj)<C^\ 7 / £ r 0 , 

property (in) holding for some C > 0. Then there exists a unique n £ P s p 
for which k is the correlation function. 

Finally, we mention the convention 

aG0 aG0 

which we use in the sequel and the integration rule, see, e.g., 0 , 


To 


^2H(£,r]\t,ri)\(dri) 


fCTJ 


H (^,'n,'nG^)X(d^)X(dr]), (2.13) 


r 0 Jro 


valid for appropriate functions H. 


2.3. Spaces of functions. For each // <G V s p, the correlation function sat¬ 
isfies the bound (11.81) in view of which we introduce the following Banach 
spaces. For a £ R, we set 

||Jfe|| a = ess sup \k(r])\ exp(—a|r?|). (2-14) 

r?eT 0 

It is a norm, that can also be written as follows. As in (12.31) . each k : To —> M 
is dehned by its restrictions to Let k^ : (M rf ) n -> f be a symmetric 

Borel function such that (27,. .., x n ) = k(rj) for r) = {37,. .., x n }. We 
then assume that k£ L°°((R d ) n ), n £ N, cf. (11.81) . and dehne 

||fc||o = sup e _ “ n u n (A:), u n (k) := , ( 2 - 15 ) 

ngNo 

that yields the same norm as in (12.141) . Obviously, 

K. a := {k : r 0 -A R : ||/c|| Q < 00 }, (2.16) 

is a Banach space. For a' < a ", we have ||fc|| a » < ||fc|| a '- Hence, 

JC a i ^A IC a ", for a' < a". (2-17) 

Here and in the sequel, by I A f we mean a continuous embedding of 
these two Banach spaces. For a £ R, we define, cf. (12.111) and (12.101) . 

/C*={k£/C a :VG£ B£ s ( r 0 ) ((G, k)) > 0 }. 


(2.18) 
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It is a subset of the cone 

K+ = {k £ IC Q : k{rj) > 0 for a.a. 77 £ Tq}. 


(2.19) 


By Proposition 12.31 we have that each k £ IC * with the property /c(0) = 1 is 
the correlation function of a unique p £ V s p. We also put 


/Coo = U /C “’ 


( 2 . 20 ) 


oSR 


and equip this set with the inductive topology. Finally, we define 

Ko = U 


ckER 


3. The Model and the Results 


3.1. The model. As was already mentioned, the model is specified by the 
expression given in D- Regarding the kernels in (11.51) we suppose that 


a ± £ L 1 (M d ) n L°°(M d ), a ± (x) = a ± (-x) > 0, 

and thus define 

(a^) = / a ± (x)dx, ||a, =l= {| = esssupa ± (x), 

J E d 


x£R d 


and 


(3.1) 

(3.2) 

(3.3) 


(3.4) 


= ^2E ± (x,r 1 \x) = a± ( x ~y)’ ? ?er 0 . 

x£ri x£rt y£ V \x 

We also denote 

E(v) = E (■ m + E (x, r] \ x)) = m\r]\ + E (?y), 

x£r/ 

where m is the same as in (11.41) . 

In addition to the standard assumptions (13.11) we shall use the following 

Assumption 1 ((6, 1 })-assumption). There exist d > 0 and b > 0 such that 
the functions introduced in (13.31) satisfy 

+ E~(rj) > r dE + (rj), 77 £ r 0 . (3.5) 


Note that the case of point-wise domination 

a~(x ) > i?a + (x), x £ R d , (3.6) 

cf. [10, Eq. (3.11)], corresponds to (13.51) with 6 = 0. In subsection 13.41 below 
we give examples of the kernels a ^ which satisfy (13.51) . To exclude the trivial 
case of a + = a~ = 0 we also assume that 


(a ) > 0 . 


3.2. The results. 
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3.2.1. The operators. In view of the relationship between states and correla¬ 
tion functions discussed in subsection 1 2.3 1 we describe the system’s dynamics 
in the following way. First we obtain the evolution i —> kt by proving the 

existence of a unique solution of the Cauchy problem of the following type 


dkt 

dt 


L A k t , 


kt\t=0 — > 


(3.7) 


where the action of L A is calculated from m- Thereafter, we show that 
each kt has the property fcf(0) = 1 and lies in /C* for some a € M. Hence, 
it is the correlation function of a unique fit £ V s p. This yields in turn the 
evolution fiQ fit- 

To describe the action of L A in a systematic way we write it in the 
following form, see mm, 

L a = A a + B a , (3.8) 

where 


A a = A^ + A a , (3.9) 

i A ik)(v) = ~E{v)k(v ), (A A k)(rj) = ^E + (x,r]\x)k(r]\x), 

xGrj 


see also ED, (ED, and 


B a 
( B A k)(rj ) 

(B A k)( V ) 


Bt + B A ., 


/ E {y,r))k(rjUy)dy, 

J R d 

' ^a + (x-yMn\xU y )d y . 

K X£r) 


(3.10) 


The key idea of the method that we use to study (13.71) is to employ the scale 
of spaces (12.161) in which A a and B A act as bounded operators from K, a t, 
to any tC Q with a > a', cf. (12.171) . For such a and a', by (12.141) and (12.151) 
we have, see ED, 

Pf&||a < \\k\\ a > ess sup £((??) exp (-(a - a')\y\) , 

< ess sup e~ a ^ Y, E + (x, rj \ x)\k(rj \ x)| 
t?er 0 x&rj 

< ||&||a' e_a ess sup Fl + (77) exp (—(a — ct / ) |? 71 ) , 

»7er 0 


\\A%k\U 










THE MICROSCOPIC DYNAMICS OF A SPATIAL ECOLOGICAL MODEL 


11 


which by (|2.15p and (13.21) yields 


\\ A lk\\a 

< \\k\\a’ 

\\A A k\\ a 

VI 


m 


+ 


4||a 


e[a — a!) e 2 (a — a') 2 

a' 4jjo+J[ 
e 2 (a — a') 2 ’ 


(3.11) 


where we have used the estimate 


'—Y, p>l,ff>0,neN. (3.12) 

7 / 

In a similar way, we obtain from (13.101) the following estimate, see (13.21) . 


I B L 


U < * a- 


(a + ) + (a )e a> 


(3.13) 


e(a — a') 

Thus, by means of (j3.8j) - (j3.10j) . and then by (13.111) and (13.131) . for each a , 
a' £ M, a! < a , one can define a continuous operator 

Iqq' : K-ct' t (3-14) 


Let C(K. a ',)C a ) stand for the set of all bounded linear operators lC a > —> 
/C Q . The operator norm of L A , can be estimated by means of the above 
formulas. Thus, the family {L A a , } a . a > determines a bounded linear operator 
L a : /Cqo /Coo- Along with these continuous operators, in each IC a , aEl, 
we define an unbounded operator, L A , with domain 

V A = {k G K a : L A k € /C Q } D /C Q /, (3.15) 

which holds for each a' < a, see (13.111) . (13.131) . and (13.81) . The operators 
such introduced are related to each other in the following way: 

Ma'<a Vfce/C„, L A a ,k = L A k. (3.16) 


3.2.2. The statements. Now we can make precise which equations we are 
going to solve. One possibility is to consider (13.71) in a given Banach space, 

Definition 3.1. Given a£l and T £ (0, +oo], by a solution of the Cauchy 
problem 

jk t = L A k t , k t \ t=0 = k 0 € V A , (3.17) 

in K, a we mean a continuous map [0, T) 3 t ha kt £ V a , continuously 
differentiable in K a on [0, T ) and such that (|3.17[) is satisfied for all t £ [0, T ). 

Another possibility is to define (13.71) in the locally convex space (12.201) . 

Definition 3.2. For a given T* £ (0,+oo], by a solution of the Cauchy 
problem ()3.7[) in /Cqo with a given ko € /Coo we mean a map [0, T*) 3 t >-3 
kt € /Coo, continuously differentiable on [0, T*) and such that (|3.7I) is satisfied 
for all t £ [0,T*). 
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Note that T* in Definition 13.21 is such that for each T < T*, there exist 
ao, a £ R, ao < cc, for which the mentioned kt is a solution as in Definition 
o with &o € /C ao . Our main results are contained in the following two 
statements. 

Theorem 3.3. Let (b,d)-assumption 13.5\) hold true, and /jq 6 e an arbi¬ 
trarily sub-Poissonian state. Then the problem \3. 7| ) with ko = k^ 0 has a 
unique solution kt £ on the time interval [0, +oo), which has the property 
A:* (0) = 1. Therefore, for each t > 0 there exists a unique sub-Poissonian 
measure nt such that k t = k^. 

The next statement describes the solutions in more detail. 

Theorem 3.4. Let (b, $)-assumption \3. ,51) hold true with b > 0 (resp. b = 
0 ), and let ao be such that k lm £ /C Q0 . Then the solution kt as in Theorem 
\3.iA. corresponding to this k fl0 , for all t > 0, satisfies the following estimates. 

(i) Case (a + ) > 0 and rn £ [0, (a + )].' for each 5 < m (resp. 6 < m) 


there exists a positive C$ such that log Cg > «o a n d 

h{v) < c\ vl exp [((a + ) - 6)\r]\t] , rj £ T 0 . (3.18) 

(ii) Case (a + ) > 0 and m > (a + ): for each e £ (0, m — (a + )), there 
exists a positive C £ such that log C £ > ao a nd 

kt(rj) < exp(— et), 77 ^ 0. (3.19) 

(Hi) Case (a + ) = 0: 

h(v) < k 0 (rj) exp [-E(rj)t] , r\ £ T 0 . (3.20) 

If m = 0 and a~(x ) = da + (x), then 

kt(r,)=0~W, t> 0, (3.21) 


is a stationary solution. 


The next statement relates the solution described in Theorems 
13.41 with the problem (I3.17P , see Definition 13.21 


and 


Corollary 3.5. In case (i) of Theorem \3.4\ for each T > 0, kt. solves (fff.lTp 
in IC aT on the time interval [0, T), where 


a T = log C s + ((o + ) - 5) T. 


(3.22) 


In case (ii) (resp. (in)), kt solves {3.17) in K a , a = logC £ (resp. any 
a > ao) on the time interval [ 0 ,+cx>). 


3.3. Comments and comparison. 
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3.3.1. On the basic assumption. By means of the function 

4>d(x) = a~(x ) — i?a + (x) (3.23) 

one can rewrite (13.511 in the following form 

Y Y x -y)> -%l, v e r 0 . 

x&r) y£ri\x 

This resembles the stability condition (with stability constant b > 0) for 
the interaction potential (/># used in the statistical mechanics of continuum 
systems of interacting particles, see m Chapter 3]. Below we employ some 
techniques developed therein to prove that important classes of the kernels 
a ^ have this property, see Propositions 13.71 and 13.81 

The (6, i?) assumption holds with b = 0 if and only if (13.61) does. In 
this case, the dispersal kernel a + decays faster than the competition kernel 
a~ (short dispersal). It can be characterized as the possibility for each 
daughter-entity to kill her mother-entity, or to be killed by her. In the 
previous works on this model mum the results were based on this short 
dispersal condition. The novelty of the result of Proposition 13.71 is that it 
covers also the case of long dispersal where the range of a + is finite but can 
be bigger than that of a - . Noteworthy, by our Proposition 13.71 it follows 
that the interaction potential used in [25] is stable, which was unknown 
to the authors of that paper, cf. [25] page 146]. Proposition 13.81 describes 
Gaussian kernels, for which the basic assumption is valid also for both long 
and short dispersals. In this paper, we restricted our attention to the classes 
of kernels described in Propositions 13.71 and 13.81 Extensions beyond this 
classes, which we plan to realize in a separate work, can be made by means of 
the corresponding methods of the statistical mechanics of interacting particle 
systems. 

3.3.2. On the results. An important feature of the results of Theorems 13.31 
and 13.41 is that the intrinsic mortality rate m > 0 can be arbitrary. Theorem 
13.31 gives a general existence of the evolution (iq i-a /j, t , t > 0, in the class of 
sub-Poissonian states through the evolution of the corresponding correlation 
functions. Its ‘ecological’ outcome is that the competition in the form as in 
([1.4ft , (jl.5ft excludes clustering provided the kernels satisfy ([3.5ft . A complete 
characterization of the evolution ko H > kt is then given in Theorem 13.41 By 
means of it this evolution is ‘localized’ in the spaces K, a in Corollary 13.51 
According to Theorem 13.41 for m < (a + ), or m < (a + ) and b > 0 in (13.24ft . 
the evolution described in Theorem 13.31 takes place in an increasing scale 
{/Cq, t }t>o °f the Banach spaces introduced in (12.14ft - (12.17ft . cf. (13.22(1 . If 
rri > ( a + ), the evolution holds in one and the same space, see Corollary 13.51 
The only difference between the cases of b > 0 and b = 0 is that one can take 
5 = m in the latter case. This yields different results for m = (a + ), where 
the evolution takes place in the same space JC a with a = log Cm. Note also 
that for m = 0, one should take 5 < 0. For m > (a + ), it follows from (13.19ft 
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that the population dies out: for (a + ) > 0 , the following holds 

•,®n) < e~ £t k^{x i, t> 0, 

for some e £ (0 ,m — (a + )), almost all (x\,... ,x n ), and each n £ N. For 
m > 0 and (a + ) = 0, by ([3.201) we get 

k${x i, ...,x n )< exp (- nmt ) i,... ,x n ), t > 0 . 

This means that k$(x\, ..., x n ) —> 0 as n — > +oo for sufficiently big t > 0. 
This phenomenon does not follow from (13.191) . Finally, we mention that 
(I3.2ip corresponds to a special case of (13.61) and m = b = 0. 

3.3.3. Comparison. Here we compare Theorems 13.31 and 13.41 with the cor¬ 
responding results obtained for this model in Eli (where it was called 
BDLP model), and in [10]. Note that these are the only works where the 
infinite particle version of the model considered here was studied. In (81 0 ], 
the model was supposed to satisfy the conditions, see i Eqs. (3.38) and 
(3.39)], which in the present notations can be formulated as follows: (a) 
()3.6D holds with a given id > 0; (b) m > 16 (a~)/id holding with the same 
i?. Under these conditions the global evolution ko H > kt was obtained in 
K a with some a € R by means of a Co-senrigroup. No information was 
available on whether kt is a correlation function and hence on the sign of 
kt. In [lO 1 ], the restrictions were reduced just to (13.61) . Then the evolution 
ko eA kt was obtained in a scale of Banach spaces K. a as in Theorem 13.31 but 
on a bounded time interval. Also in |10j . no information was obtained on 
whether kt is a correlation function. Until this our work no results on the 
extinction as in (13.191) and on the case of a + = 0 were known. 


3.4. Kernels satisfying the basic assumption. Our aim now is to show 
that the assumption (13.51) can be satisfied in the most of ‘realistic’ models. 
We begin, however, by establishing an important property of the kernels 
satisfying (|3.5I) . To this end we rewrite (13.51) in the form 

XI i a ~( x ~y) -tia + (x-y)\ > -%|, rj € r 0 . (3.24) 

xGrj 


Proposition 3.6. Assume that (3.24) holds with some tUq > 0 and bo > 0. 
Then for each i9 < i9q, it also holds with b = bold/do- 


Proof. For id £ (0, $o]> we have 

(y-l) E-(n) + ^(r,) 

which yields the proof. 


= -T- 

v 0 


> 



□ 


In the following two propositions we give examples of the kernels with 
the property (|3.5I) . In the first one, we assume that the dispersal kernel has 
finite range, which is quite natural in many applications. The competition 
kernel in turn is assumed to be just nontrivial. 
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Proposition 3.7. In addition to m> and <t 3. 2\) assume that the kernels 
a± have the following properties: 


(a) there exist positive c~ and r such that a~(x ) > c~ for |x| < r; 

(b) there exist positive c + and R such that a + (x ) < c + for \x\ < R and 
a + (x ) = 0 for \x\ > R. 


Then for each b > 0, there exists d > 0 such that fl 3.24\ ) holds for these b 
and d. 


Proof. For r > R, (I3.24D holds with 6 = 0 and d = c~ /c + . Thus, it remains 
to consider the case r < R. 

For \r/\ = 0 and \r]\ = 1, (13.2411 trivially holds with each 6 > 0 and d > 0. 

For 1 7] | = 2, (13.2411 holds whenever d < 6/c + . For \i]\ > 2, we apply an 

induction in r/|, similarly as it was done in [2]. For x £ rj, we define 

C = iv G v '■ \v - A < r }> & = {y e v ■. r < \y - x\ < r}. 


Set 

U#(rj) = + b\rj\ = b\rj\ + E~{rj) - dE + (rj). 

Then the next estimate holds true for each x £ ip. 

U$(x, rj\x) := U#(r)) -U#(r]\x) 


= b + 2E (x,rj\x) — 2 dE + (x,r]\x) 
> b + 2(c- -dc + )\^\-2dc + \£\. 


(3.25) 


Given n > 2 and positive d and 6 , assume that U$(rj) > 0 for each |$[ = n—1. 
Then to make the inductive step by means of (I3.25[) we have to show that, 
for each r/ such that \r/\ = n, there exists x £ such that U^(x,r/ \ x) > 0. 
Set 


n =\ix\ = max \L\, x £ r/. (3.26) 

y&v 

If h = 0, then is such that \y — z\ > r for each distinct y,z £ ?/. In this 
case, the balls B z := {y £ W l : \y — z\ < r/2}, z £ 77 , do not overlap. Then 
|£+| < E(d,r,R) — 1 < A(d)(l + 2i?/r) d —1, where S(d, r, i?) is the maximum 
number of rigid spheres of radius r/2 packed in a ball of radius R + r/ 2, and 
A (d) is the density of the densest packing of equal rigid spheres in see 
e.g. [3 Chapter 1], We apply this in (13.251) and get that U$(x,r] \ x) > 0 
whenever d < b/2c + (E(d, r,R) — 1). For n > 0, let x be as in (13.26[) . Choose 
yi, ..., y s in such that the balls B x and B yi , i = 1,..., s, realize the 
densest possible packing of the ball of radius R + r/2 centered at x. Then 
s < E(d,r,R ) — 1 and, for each y £ £+, one finds i such that |y — yi\ < r. 
Otherwise B y would not overlap each B yi , and thus the mentioned packing 
is not the densest one. Therefore, the balls C* := {z £ W 1 : \z — yf\ < r}, 
i = 1,..., s, cover £+. By (13.261) each Ci contains n + 1 elements at most. 
This yields 

l£x I < {n+l)(E(d,r,R) - 1). 
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Now we apply this in (13.2511 and obtain that U^(x, 77 \ x) > 0 for 
n . . c~ b 

v = mm 


c+H(d, r, R ) ’ 2c+(S(d, r, R) - 1) J ' 
Thus, the inductive step can be done, which yields the proof. 


□ 


As an example of kernels with infinite range we consider the Gaussian 
kernels 

' ex P 1 — 7TT2"M J ) > (3.27) 


a ± (x ) = 


c± 


(2ira±) d / 2 

where c± > 0 and cr± > 0 are parameters. 


2 o± 


Proposition 3.8. Let a± be as in (3.21). Then for each b > 0, there exists 
3 such that k 3. 51) holds for these 1 ? and b. 

Proof. For <r_ > cr + , we have a~(x ) > 1 ?a + (x) for all x and 

\jd\ d 


d < 


/ 1 /< 

/ <J + C - 


\ a - 


l/d, 


Then (I3.24H . and thus (13.51) . hold for such D and all b > 0. For cx_ < cr + , we 
can write, see ()3.23p . 


x)= exp(ik ■ x)dk, 


where 


<M&) = C— exp ( -~a 2 _\k\ 2 


, c + 


C- 


1 


1 — •&— exp-(cri — cr_) |fe| 


For i?o = c_/c + , we have that 4>d 0 (k) > 0 for all k € R d . Then cj)& 0 is positive 
definite in the sense of [26 , Section 3.2], This means that it is the Fourier 
transform of a positive finite measure on M . d , and hence by the Bochner 
theorem it follows that 

Y ^o( s -y) = ^o( 0 )l 7 ?l + $00 fa) ^ °- 

x,y£rj 

Thus, <£>,? 0 satisfies ([3.2411 with stability constant 60 = (p^ Q (0). Then we 
apply Proposition 13.61 and obtain that (13.2411 holds for 


d = 


( 2 v uj 2 ) d / 2 b 


a + \l- 


which completes the proof. 


□ 
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4. Evolution of Correlation Functions and States 

In this section we prove Theorems 13.31 and 13.41 assuming the validity of 
Lemma 14.91 given below. In the next section we prove this lemma. The 
proof of Theorem 13.31 is based on the construction of two families of bounded 
operators performed in subsection 14.21 By means of one of them we obtain 
the solution of the problem (|3.17p on a bounded time interval, similarly as 
it was done in m- Next, assuming that Lemma 14.91 holds true, and hence 
kt > 0, by means of the second family of operators we compare kt in Lemmas 
I4.10l with especially constructed functions and thereby prove both Theorems 
13.31 and 13.41 We begin by constructing auxiliary semigroups used to get the 
results of subsection m 

4.1. Auxiliary semigroups. For a given a € R, the space 
defined in (12.161) . is 

Ga :=L\T 0 ,e a ^d\), 
in which the norm is, cf. (12.51) . 

|G| a = [ \G(ri)\exp(a\ri\)\(dri) 

4r 0 

00 p an 
n= 0 

Clearly, \G\ a t < |G|„ for a' < a, which yields 

Qa^Qa'i f° r a'< a, (4.3) 

cf. (12.171) . One can show that this embedding is also dense. 

Recall that by m > 0 we denote the mortality rate, see m- For b > 0 
as in (13.51) we set 

E h (rj) = (b + rn)\rj\ + E~(rj) = b\r]\ + E(rj). (4.4) 

Here E~{rj) and E{rj) are as in (13.31) and (13.41) . respectively. For the same 
b, let the action of Af, on functions G : To —>• M be as follows 

Ab = Aib + ^2 ( 4 - 5 ) 

(Ai, b G)(r,) = —E b {rj)G(rj), 

{A 2 G){r])= I E + (y,'i 1 )G(r]Uy)dy. 

JR d 

Our aim now is to define A b as a closed unbounded operator in Q a the 
domain of which contains Q a i for any a! > a. Let denote the set of all 
those G € Q a for which G(r]) > 0 for A-almost all y G To- Set 

V a = {GeG a : E b (-)G(-) € g*}. (4.6) 

For each a' > a, V a contains G a > and hence is dense in Q a , see (14.31) . Then 
the first summand in A b turns into a closed and densely defined operator 


predual to JC Q , 

(4.1) 

(4.2) 
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in Go such that —A ijb G £ Ga f° r each G £ U+ := V a n G+. By 
(|2.13|) and (13. 5 p one gets 


\A 2 G\ a < [ [ E+(y,rj)\G(r,Uy)\e a ^dyX(d V ) (4.7) 

Jr 0 J R d 

\G(rj)\e aH \J2 E+ (x,v\x)\ \{drj) 


= e 


= e~ a \E+(-)G(-)\ a < (e~ a /d)\A hb G\ c 


Then for a > — log??, we have that e “/?? < 1, and hence A 2 is A\ b - 
bounded. This means that {A bl V a ) is closed and densely defined in Q a , see 

TO- 

In the proof of Lemma 14.21 below we employ the perturbation theory 
for positive semigroups of operators in ordered Banach spaces developed 
in m- Prior to stating the lemma we present the relevant fragments of 
this theory in spaces of integrable functions. Let E be a measurable space 
with a (j-finite measure is, and X := L l (E —> M, dv) be the Banach space 
of v-integrable real-valued functions on X with norm ||-||. Let X + be the 
cone in X consisting of all v-a.e. nonnegative functions on E. Clearly, 
11/ + ff|| = ll/ll + Hsll for any f,g£ X + , and X = X + — X + . Recall that a 
Co-semigroup {5(f)}t>o of bounded linear operators on X is called positive 
if S(t)f £ X + for all / £ X + . A positive semigroup is called substochastic 
(resp. stochastic ) if ||S(t)/|| < ||/|| (resp. ||5(i)/|| = ||/||) for all / £ X + . 
Let ( Ao,D(Aq )) be the generator of a positive Co -semigroup {So (£)}t>0 on 
X. Set D + (Aq) = D{Aq) n X + . Then D(Aq) is dense in X, and D + {Aq) 
is dense in X + . Let P : D(Aq) a I be a positive linear operator, i.e., 
Pf £ X + for all / £ D + (Aq). The next statement is an adaptation of 
Theorem 2.2 in [27] . 

Proposition 4.1. Suppose that for any f £ D + (Aq), the following holds 

f {(A 0 +P)f) {x)ir(dx) < 0. (4.8) 

J E 

Then for all r £ [0,1), the operator [Aq + rP. D(Aq)') is the generator of a 
substochastic Co-semigroup in X. 

Lemma 4.2. For each a > — log??, the operator (A b ,V a ) is the generator 
of a substochastic semigroup {S(t)}t >0 in G a - 

Proof. We apply Proposition 14.11 with E = T 0 , X = G a as in (JHD, and 
Aq = A\fi. For r > 0 and A 2 as in (14.51) . we set P = r _1 A2- F° r such Aq 
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and P, and for G £ the left-hand side of (14.81) takes the form, cf. (|4.7I) . 

- f E b {rj)G{rj) exp(a\rj\)X((hj) 

4r 0 


+r~ 


1 / f E+ (yi r l) G ( r ]Gy)exp(a\i]\)dy\(dri) 
J r 0 



+ ?’ 1 e a E + {rj))G{rj) exp(a| 77 |)A(c? 77 ). 


For a fixed a > — log 7 ?, pick r € (0,1) such that r l (e a /$) < 1. Then, for 
such a and r, we have 



r *e a E + (r]))G(r]) exp(a|? 7 |)A(d 7 /) < 0, 


(4.9) 


which holds in view of (13.51) . Since r 1 A 2 is a positive operator, by Propo¬ 
sition HU we have that Ai , = / 11.5 + ^2 = ^ 1,6 + r(r 1 H 2 ) generates a 
substochastic semigroup {S(t)}t >0 in < 7 Q . □ 


Now we turn to constructing the semigroup ‘sun-dual’ to that mentioned 
in Lemma 14.21 Let be the adjoint of (. Ab,T > a ) in IC a with domain, cf. 

fl33H) , 

Dom(AJ) = {k £ K a : 3k £ K a VGeV a (( A b G , Jfc)) = ((G, k))}. 

For each k £ Dom(H£), the action of Al on k is described in (13.91) with E 
replaced by Eb, see (14.41) . By (13.111) we then get K a > C Dom(H|) for each 
a' < a. Let Q a stand for the closure of Dom(j4J) in || • || a . Then 

Q a := Dom(H£) D Dom(H£) D ]C a ', for any a' < a. (4-10) 

Note that Q a is a proper subset of K. a . For each t > 0, the adjoint S*(t) 
of S(t) is a bounded operator in K. a . However, the semigroup {S*(t)}t> 0 is 
not strongly continuous. For t > 0, let S®(t) denote the restriction of S*(t) 
to Q a - Since {S(t) }*>o is the semigroup of contractions, for k £ Q a and all 
t > 0, we have that 

IIS?(t)fc|L = l|s*(t)fc|L < WL- (4.11) 

Proposition 4.3. For every a' < a and any k £ K, a ', the map 

[0,+ 00 ) 3 t Sa{t)k € IC a 

is continuous. 

Proof. By [231 Theorem 10.4, page 39], the collection {<S , ®(i )} t >0 constitutes 
a Co-semigroup on Q a the generator of which, A®, is the part of A% in Q a . 
That is, A® is the restriction of Al to the set 

Dom(H®) := {k £ Dom(H|) : Aik £ Q a }, 

cf. [23j Definition 10.3, page 39]. The continuity in question follows by the 
Co-property of the semigroup {S®(t)}t>o and (14.101) . □ 
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By (|3.1ip it follows that 

Dom(yl® ;; ) D lC a >, a' < a ", 
and hence, see [231 Theorem 2.4, page 4], 

S°„(t)k £ Dom(4®„), 


and 

= A l" S a"^) k ^ 

which holds for all a" £ (a', a] and k £ /C Q /. 


(4.12) 

(4.13) 

(4.14) 


4.2. The main operators. For as in (14.411 . we set 

A b~ = + A 2 ! (4-15) 

( A i,b k )(v) = -E b (r])k(ri), 
and A A being as in (13.91) . We also set 

Bt = B A + B A b , (4.16) 

( B £b k )(v) = (B£ k )(v) + b\v\k{ri). 

Here B A and B A are as in (13.101) . Note that 

L a = + B a = Afr + b£. (4.17) 


The expressions in (|4.15p and (14.161) can be used to define the corresponding 
continuous operators acting from IC a > to IC a , a' < a, cf. (|3.14p . and hence 
the elements of £(IC a /,IC a ) the norms of which are estimated by means of 
the analogies of (13.111) and (13.131) . For these operators, we use notations 
( B A ) aa / and (B A b ) aa >. Then \\(B A ) aa i\\ will stand for the operator norm, 
and thus (13.131) can be rewritten in the form 


II (B A 


!««' II — 


(a + ) + b + (a )e a ' 
e(a — a') 


(4.18) 


For fixed a > a' > — log we construct continuous operators Q aa ' (f; B) : 
JC a > —>• IC a , t > 0, which will be used to obtain the solution kt as in Theorem 
13.31 and to study its properties. Here B will be taken in the following two 
versions: (a) B = B A \ (b) B = B A b , see (|4.16p . In both cases, for each 
a i ,«2 € [a 7 , a] such that ai < « 2 , cf. (14.181) . the following holds 


l|B Q2 ai 


/3(«2;B) 
e(a 2 — «i) ’ 


(4.19) 


/3(a 2 ;B A ) = (a + ) +b+ (a )e" 2 , 
P(a 2] B A ) = (a + ) + b. 


with 


(4.20) 
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For t > 0 and or, a 2 as above, let Y, a2ai (t ) : /C ai —>• /C Q2 be the restriction of 
Sg(t) to lC ai , cf. (14. 12[) and (14.1311 . Note that the embedding IC ai ^A /C Q2 . 
can be written as X a 2 ai ( 0 ), and hence 

Sa 2 Cn(^) = ^a 2 Cfi (O)'S'oi (t). (4-21) 

Also, for each a 3 > a 2 , we have 

T, a3ai (t) = Sa 3 Q, 2 (0)S Q 2 Ql (t) := T, a2ai (t), t > 0. (4.22) 

Here and in the sequel, we omit writing embedding operators if no confusing 
arises. In view of (|4.11jl . it follows that 

||S Q 2 Ql (t)|| < 1. (4.23) 

Remark 4.4. By Lemma 14.21 we have that 

V7c G £+ ^Q 2 Q;i (t)k€lC+ a , t> 0 , 

see (12.1911 . Also (B^ b ) a2ai , but not (B^) a2ai , has the same positivity prop¬ 
erty. 


Set, cf. (J4.20I) . 

a o — ex i 

r(a 2 ,ai;B) = —, a 2 > «i, (4.24) 

and then 

4(B) = {(ar,a 2 ,f) : — logi? < ot\ < a 2 , 0 < t < T(a 2 ,ai;B)}. (4.25) 


Lemma 4.5. For each of the two choices of B, see there exists the 

corresponding family of linear maps, {Qq 2Q1 (i; B) : (ar,a 2 ,i) G 4(B)} ; each 
element of which has the following properties: 


(i) Qa 2 ai{t'i B) € C{K ai ,K aa ); 

(ii) the map [0, T(a 2 , or; B)) 3 t. i-a Q a20tl (t; B) G £(/C ai , KL a2 ) is contin¬ 
uous; 

(in) the operator norm of Q a2ai (t]M) G £(/C Ql ,/C Q2 ) satisfies 


\\Q a2Ql {t-M)\\ < 


r(q 2 ,ai;B) 

T(a 2 , «i;B) - 1' 


(4.26) 


(iv) for each «3 G (ai,a 2 ) and t < T(« 3 ,ai;B), the following holds 


Qot2ai (pi ^ 


~ ((^4 b ) Q2Q , + 0.20.3) Qa. 3 a\ (tjl 


(4.27) 


The proof of this lemma is based on the following construction. For l G N 
and t > 0 , we set 


Ti :0<ti <■■■ <h <t}, (4.28) 

take a G (ai,a 2 ], and then take 5 < a — a\. Next we divide the interval 
[«i, a] into subintervals with endpoints a s , s = 0,..., 21 + 1, as follows. Set 
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a 0 = «i, a 2l+1 = a , and 


^ r 

a = Q!i + ^ ^ + se, 


e = (a — an — <5)/Z, (4.29) 


s | 1 

^2s+l — -— $ _|_ 5 — 0, 1, . . . , l. 

Then for (t, ti,..., £/) E 71, define 

■ ■ Mb®) = S aa 2 i(t — fi)B Q 2i Q 2i-i X X (4.30) 

X ^q.2s+1q,2s ( t[— s t/—s+l )B Q ,2s Q ,2s —1 * * * Yj a 3 a 2 t/)B Q! 2 Q ,lX] Q ,l Q , 1 (i/). 

Proposition 4.6. For both choices of B and each l E N, the operators 
defined in \4-dCf ) have the following properties: 

(i) for each (fit i,... ,fi) E Ti, ... ,fi; B) € £(JC ai ,lC a ), and 

the map 

Ti 3 (t, ti,..., ti) I—>• (t,t\,..., ti]W) e C(K. ai ,K a ) 

is continuous; 

(ii) for fixed t±,t 2 , ■ ■ ■ ,fi, and each e > 0, the map 

(ti,ti + e) 3 t h -> (t, ti ,..., tp, B) E £(/C ai , /C Q2 ) 

is continuously differentiable and for each a' E (ai,a) f/ie following 
holds 


4 n ia! (Ml. • • • , *15 ®) = (^)aa'n2 ai (t, M ■ ■ ■ , fi] 


dt 


(4.31) 


Proof. The first part of claim (i) follows by (I4.30H . (14.191) . and (14.231) . To 
prove the second part we apply Proposition 14.31 and (]4.21 1) . and then (|4.19p . 
(14.201) . By (14.121) . (14.141) . and (14.221) . and the fact that 

A®,k = (A^) a i a k, for k E /C 

one gets 

d 




a 2l (t) — (A b )a'a^-‘act2i (0) O > Of, 


(4.32) 

□ 


which then yields (14.311) . 

Proof of Lemma \f.5\ Take any T < T(a 2 ,ai;B) and then pick a E 
(«i, 02 ] and a positive 5 < a — a\ such that 


T <T$ := 


a — a\ — 5 


P(a 2 !®) 

For this 6 , take 14^ as in (14.301) . and then for set 

Q&(*;B) = 5Wt) 


n rt rt\ ptl—1 

E / / ■■■/ ■■■,*/; 

l=1 Jo Jo Jo 


+ 


(4.33) 

• • • dt\, n E N. 
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By (14.231) . (14.191) . and (14.291) we have from (j4.30j) that 

l|n« 1 (t,t 1 ,...,iz;B)||< (^r) , (4.34) 

holding for all l = 1 ,,n. This yields 

||QW(t;B)-Q^ 1 ) (t; B)|| (4.35) 

ft rti rtn-i 

< / ••• / ||n^ a ) 1 (iTi,---Tz;®)ll^n-"*i 

Jo Jo Jo 


hence, 


1 

< — 

n\ 




Vi G [0, T] (ij ®) —i t Qaa i(ijB) € C(JC ai , /C a ), as n —> +oo. 

This proves claim (?) of the lemma. The proof of claim (ii) follows by the fact 
that the mentioned above convergence is uniform on [0, T]. The estimate 
(14.261) readily follows from that in (|4.34l) . Now by (14.301) and (14.321) we 
obtain 

j t Q { aLi.m = (^) aaa QW(t;B) + B a2a Qt- 1 \m, n G N. 

Then the continuous differentiability of the limit and (14.271) follow by stan¬ 
dard arguments. □ 


Remark 4.7. By (14.301) . (14.331) . and Lemma 14.51 we have that 

Vk G /C+ Q CX-2CX.I (^5 B 2 , b )k€lC+ 2 , te[0,T(a 2 , ai ;B£)). (4.36) 

At the same time, Q a2ai (t; B^) is not positive, see (13.101) and Remark 14.41 

4.3. The proof of Theorem 13.31 First we prove that the problem ()3.17[) 
has a unique solution on a bounded time interval. 

Lemma 4.8. For each a 2 > at\ > — logi9 ; the problem \3. 17| ) with ko G K ai 
has a unique solution kt G /C a2 on the time interval [0, T(a 2 , ai, B^)). The 
solution has the property: /c*(0) = 1 for all t G [0, T(a 2 , aq, B^)). 

Proof. For each t G [0, T(a 2 , or, B^)), one finds a G ( 01 , 02 ) such that also 
t G [0, T(o, 01 , B^)). Then by claim (i) of Lemma 14.51 and ()3.15p 

kt •— Qaai (L Bfo )k 0 

lies in V^ 2 . By (|4.27l) the derivative of k t G /C Q2 is 

J t h ={( A t)a 2a + (Bf) a2a )k t = L* a kt. 


(4.37) 
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Hence, kt is a solution of (13.171) . see (13.161) . Moreover, fe t (0) 
&o( 0 ) = 1 , see ( 12 . 121 ) . and 



(j£**)(«) = 0, 


1 since 


see (13.81) - (13.101) . To prove the stated uniqueness assume that k t £ T >£ 2 
is another solution of (13.17[) with the same initial condition. Then for each 
03 > 02 , vt := kt — kt is a solution of (|3.17l) in /C „ 3 with the zero initial 
condition. Here we assume that t and 03 are such that t < T(ol 3 ,ol\\B£). 
Clearly, vt also solves (13.171) in IC a2 . Thus, it can be written down in the 
following form 

v t = J o ^<y 3a (t - s ) {B ^) aa2 v s ds, (4.38) 

where vt on the left-hand side (resp. v s on the right-hand side) is considered 
as an element of /C Q3 (resp. /C Q2 ) and o € ( 012 , 013 ). Indeed, one obtains 
(14.381) by integrating the equation, see (14.171) . 

J t V t = L a 3 a 2 Vt = {{A £) a3a2 + ( B£) Q 3 Q 2 )v t , V 0 = 0, 

in which the second summand is considered as a nonhomogeneous term, see 
(14.321) . Let us show that for all t < T(q 2 , or; B£)), vt = 0 as an element 
of /C a2 . In view of the embedding K a2 JC Q3 , cf. (12.171) . this will follow 
from the fact that vt = 0 as an element of IC a3 . For a given n £ N, we set 
e = (013 — « 2 )/ 2 n and a 1 = 0.2 +le, l = 0,..., 2n. Then we repeatedly apply 
(14.38ft and obtain 

rt rti rtn -1 

Vt = / / • • • / X Q3Q ,2n-l(f — tl)(B b ) a 2n-l a 2n-2 X ■ ■ ■ X 

Jo Jo Jo 

X ^a 2 al (tn—1 Li)(-®fe )a 1 a2 ^tn ^tn ' ' ' dt]_ ■ 

Similarly as in (|4.34l) we then get from the latter, see ()4. 191) . (14.201) . and 


f n n 

\\vt Has < n II ) Q , 2 i-i Q , 2 i -2 || sup ||u a ||a 2 (4.39) 

n! Li «e[o,t] 


< 


J_ /n\ n f 2 t/3(a 3 ;B£) 

n\\eJ \ 03 — 02 


sup ||U S || Q2 . 
s€[0,4] 


This implies that vt = 0 for t < (03 — 02 )/ 2 / 3 (o 3 ; B£). To prove that 
Vt = 0 for all t of interest one has to repeat the above procedure appropriate 
number of times. □ 


To make the next step we need the following result, the proof of which 
will be done in Section [5] below. 
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Lemma 4.9. [Identification Lemma] For each 02 > ot\ > — log$, there 
exists r(a 2 , 0 : 1 ) G (0, T(o 2 , ctR B A )) such that Q a2ai {t',B A ) : KA ai -A /C * 2 
for each t G [0,t(q! 2 , 01 )], see and Lemma \fi^i 

In the light of Proposition llOl Lemma f4~T)l claims that for t G [0, r(o 2 , cki)], 
the solution kt as in Lemma 14.81 is the correlation function of a unique sub- 
Poissonian state fj,t whenever ko = k for some /iq G V s p. 

To complete the proof of Theorem l4.2l we need the following result. Recall 
that /C* C /C+, aGl, see (12.191) . 

Lemma 4.10. Let 012 , ati, and r(o 2 ,oi) be as in Lemma Then there 
exists positive ri ( 02 , 01 ) < r(o 2 ,oi) such that, for each t G [0, ti(o 2 , ai)] 
and arbitrary ko G KL ai the following holds, cf. { and Remark \4-4\ 

0 < {Q a2ai {t; B^)ko) (r/) < (Q Q2Q1 (t; B^ b )k 0 ) ( rj ), 77 G r 0 . (4.40) 

Proof. The left-hand inequality in (I4.40P follows directly by Lemma [4.91 By 
Lemma 14.81 kt as in (I4.37jl solves (13.171) in JC a2 . Set 

L a = A a + B a = A a + B a , 

where A a , B a and A a , B A b are as in (J3.9p . (13.101 ) and (|4. 15p . (14. 10p . re¬ 
spectively. Then we introduce ((L A ) a , V A ) and {L A ) aa i as in subsection 
13.21 By claims (i) and (iv) of Lemma 14.51 we have that 

U t := Qaafit; B A b )ko, a G (oi,a 2 ), (4.41) 

solves the problem 

^ u t = {L A )a 2 u t , uo = k 0 , (4.42) 

on the time interval [0, T(o 2 , or; B A b )). Note that 

T(a2,ai] B b ) < T(o 2 , e*i; B A b ), 

see (I4.20p and (|4.24l) . Take a, o' G ( 01 , 02 ), o' < o, and pick positive 
7 ~i < t(q 2 ,Qi) such that 

T\ =Ti(a 2 ,oi) < min{T(o 2 ,o;Rf i );T(o , ,ai;R^ 6 )}. 

By (|4.42l) the difference ut — kt G /C « 2 can be written down in the form 

u t — k t = f Q a2a (t - s; B^ b ) (-Rf) k s ds , (4.43) 

Jo 

where t <t\ and the operator (— B A ) aa t is positive with respect to the cone 
(12.191) . see (13.101) and (13.131) . In (I4.43p . k s G /C a / and Q a2a {t — s-,B A b ) G 
C(JC a , IC a2 ) for all s G [0, iq]. Since Q a2 a{t ~ s ',B A b ) is also positive, see 
Remark 14.41 and k s G /C*, C Kfif, (by (14.37[) and Lemma 14.9[) , we have 
Ut — kt G K+ for t < T\ (02 , oi) , which yields (14.401) . □ 
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Corollary 4.11. Let a 2; ot\, and ri(a 2 ,ai) be as in Lemma 4 .10. Then 
the following holds for all t < t\ ( 02 , ai) 

(a 2 - «i)||^o|| C 


Il^l|ct2 — IIQ 02 OI (^) Bb )k 0 \\ 5; 


I«1 


|Q2 a 2 — ai — t((a+) + 6) 
Proof. Apply (14.401) and then (|4.20D and (14.241) . 


(4.44) 

□ 


Proof of Theorem 13.31 Let ao > — logt? be such that k IJiQ £ K, ao , cf, (|2.17l) . 
Then by Lemma 14.81 we have that for each a\ > ao and a £ (ao, ar), 

h ■= Q aao (t-,B^)k 0 £ /C*, t < Ti(ai,a 0 ), 

solves (13.171) in JC ai . Its continuation to an arbitrary t > 0 follows by (14.441) 
in a standard way. □ 


4.4. The proof of Theorem 13.41 


4.4.1. Case (a + ) > 0 and m £ [0, (a + )]. The proof will be done by picking 
the corresponding bounds for ut defined in (14.411) with ko = k /l() £ /C* . 
Recall that, for a\ > ao, ut £ /C ai for t < T(ai, ao; B^ b ). For a given 
6 < m, let us choose the value of C$. The first condition is that 


Cf > k 0 (rj). (4.45) 

Next, if (13.51) holds with a given d > 0 and b = 0, we take any 5 < m and 
Cs > l/i? such that also (I4.45P holds. If (13.51) holds with b > 0, we take any 
5 < m and then Cg > b/(m — 5)$ such that also (14.451) holds. In all this 
cases, by Proposition 13.61 we have that 

E~{rj) ~ -pr^ + (rj) > —(m — 5)\r]\, V £ T 0 . (4.46) 


Let rt{rf) denote the right-hand side of (13.181) . For ai > ao, we take a, a' £ 
(ao,ai), a' < a and then consider 

vt ■■= Qa iao (t]B^ b )r 0 (4.47) 

— ft T / Qa\aif S, b)B aOL ir S ds 1 

■JO 

where 

t<r 2 := min j ^ -^ ;T(ai, a; B^ b )\ . (4.48) 

The operator D in (|4.47|) is 
(D aa >r s ){rj) = 


(a+) - 5 

- m\r]\ - E~{rj) + exp ^ - ((a + ) - <5)s^ E + (r]) 


+ 



fsiv) < 0 , 


v e r 0 . 


(4.49) 
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The latter inequality holds for all s £ [0, 72 ], see (I4.46|) . and all m £ [0, (a + )] 
and 6 < m. Then by ()4.36|) we obtain from (14.411) . the first line of (14.471) . 
and (|4.45j) that 

ut{v) t< T(ai,a 0 ; B^ b ). 

Then by the second line of (14.471) and (14.491) we get that for t < 72 , see 
(14.481) . the following holds 

ut(rj) < v t {rj) < r t (rj ), r] £ T 0 . 

The continuation of the latter inequality to bigger values of t is straightfor¬ 
ward. This completes the proof for this case. 

4.4.2. Case (a + ) > 0 and m > (a + ). Take e £ (0, m — (a + )) and then set 



Thereafter, choose C £ > l/i? e such that 


> ko(rj), v € T 0 . 


Then, cf. (14.461) . 


E (rj) — ~^-E + (r]) > — (m — (a + ) — e/2)\rj\, rj £ T 0 . (4.50) 


Let now rt stand for the right-hand side of (13.191) . Then the second line of 


(14.471) holds with D aa i replaced by D £ aa ,. By definition the latter is such 
that: (a) (D e aa ,r s )($) = 0; 

(b) ( D e aa ,r s )({x }) = — (m - (a + ) - e)r s ({.T}) < 0, 

and, for \r/\ > 2, see (14.501) . 


( c ) (■ De aa' r s){v ) = e-m\ri\-E (ij) + ^E + {r,) + (a+)|r ? | r s (r/) 

< e(l - Ihl/ 2 ) r s (rj) < 0. 


This yields ()3.191) and thus completes the proof for this case. 
4.4.3. The remaining cases. For ( a + ) = 0 and t > 0, we set 



where a! < a and u € /Qy. Then, cf. Lemma [4.51 (t) : K. a ' —> /C Q 

continuously, and the map 


[0, + 00 ) 3 1{t) € C()C a i , /C a ) 


is continuous and such that, cf. (14.271) . 



(4.52) 
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where is defined in (13.91) and (|3.11l) . Now we set ut = Qaa 0 (t)k fiQ 

and obtain from (|4.51l) and (I4.52p . similarly as in (|4.43l) . 

u t ~ k t = J Q^it) (-Sf) QiQ2 k,ds > 0, 

which yields (13.201) . 

To prove that r t {rj) := t > 0, is a stationary solution we set 

kt Qaao(t, B^ )r 0 , 

where ao > — logi9 and a > ao- Then the following holds, cf. (|4.43j) . 

kt — ft T / Qaa 2 ® j iiI) )-^a 2 Qi f s^S, 

Jo 

where ot\ < «2 are taken from (ao, «)■ For the case considered, we have 

■^'a2«lFs ^ a20ll Tt) 0, 

which completes the proof for this case. 

5. The Proof of the Identification Lemma 

To prove Lemma 14.91 we use Proposition 12.31 Note that the solution 
mentioned in Lemma 14.81 already has properties (ii) and (iii) of (|2.12|) . cf. 
(|2.14j) . Thus, it remains to prove that also (i) holds. We do this as fol¬ 
lows. First, we approximate the evolution k o i—>■ kt established in Lemma 
14.81 bv evolutions fco, app ^ &t,app such that fc fiapp has property (i). Then we 
prove that for each G £ B^ s (Tq), ((G, ^, app )) —> ((G,kt )) as the approxima¬ 
tions are eliminated. The limiting transition is based on the representation 
({G,kt, app )) = ((Gt, /co, app )) in which we use the so called predual evolution 
G eA Gt- Then we just show that ((Gt, &o, app )) —>• «G t ,fco». 

5.1. The predual evolution. The aim of this subsection is to construct 
the evolution Bi oc (Fo) 3 Go i-a Gt £ Q ai , see (|4.1I) and (|4.2I) . such that, for 
each a > a\ and fco £ /C Q1 , the following holds, cf. (14.371) . 

(( G 0 ,Q aai (t-,B£)ko )) = ((G t ,k 0 )), (5.1) 

where b > 0 and B^ are as in (13.51) and (I4.16p . respectively. Let us define 
the action of B b on appropriate G : To —> R via the duality 

((G,Btk)) = ((B b G,k)). 

Similarly as in ()4. 16j) we then get 

(B b G)(r]) = b\r]\G(rj) + [ V a + (x - y)G(r] \ x U y)dy (5.2) 

xGr] 

^E~(x,r]\x)G(r]\x ). 
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For 02 > oil, let (Bb) aia2 be the bounded linear operator from Q a2 to Q ai 
the action of which is defined in (15.21) . As in estimating the norm of B^f in 
(14.181) one then gets 


ii m 


a ic*2 II — 


(a + ) + b + (a )e“ 2 
e(a 2 — ai) 


(5.3) 


For the same 02 and a\, let S aia2 (t) be the restriction to Q a2 of the corre¬ 
sponding element of the semigroup mentioned in Lemma l4.21 Then S aiQ2 (t ) 
acts as a bounded contraction from Q a2 to Q ai . 

Now for a given l £ N and a, a\ as in (15.11) . let 5 and a s , s = 0,..., 21 +1, 
be as in (14.29[) . Then for t > 0 and (t,ti,... ,t{) £ Ti, see (J4.28I) . we define, 
cf. (OOP . 

^aia (f, ^1 j • • ■ j tl) 'S'a 1 a 1 (tl) (Bb) a l a 2 S a 2 a 3 (tl—1 tl) X • • • X 


X (Bb) a 2s-l a 2sS a 2s a 2s+l(tl-s — tl- s+ 1 ) • • • (Bb) a 2l-l a 2lS a 2l a (t ~ 1 1 ). 

As in Proposition 14.61 one shows that the map 

71 3 (t, tl, . . . , tl) l y tl, ... ,tl) £ C{Gai Ga\) 

is continuous. Define 

H^> a {t) = S aia {t) + Y j f f' ■■■ P" nV a {t,ti,...,t l )dt r --dti. (5.4) 

Jo Jo Jo 


Lemma 5.1. For each T £ (0,T(a, ai; B^)), see 


and f.2Cty , the 

sequence of operators defined in ( f 5.f\ ) converges in C(G a ,G ai ) to a certain 
H aia (t ) uniformly on [0, T], and for each Go £ Q a and ko £ K ai the follow¬ 
ing holds 


((Go ? Qaa i (t-Bf)k 0 )) = ((H aia (t)G 0 ,ko)), t £ [0, T]. (5.5) 


Proof. For the operators defined in (|5.4j) . similarly as in (14.351) we get the 
following estimate 


H&tit) 


±± a\a 


< 


1 

n! 




which yields the convergence stated in the lemma. By direct inspection one 
gets that 

({Go,Q { &{t-,B A )ko)) = i(H^ a (t)G 0 ,k 0 )), 

see (14.331) . Then (15.51) is obtained from the latter in the limit n —>• +oo. 
Similarly as in (14.261) . for the limiting operator the following estimate holds 


H Qia (t)\\ < 


T(a,ai-B^) 
T(ot,ai]Bfr) - t 


(5.6) 


□ 
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5.2. An auxiliary model. The approximations mentioned at the begin¬ 
ning of this section employ also an auxiliary model, which we introduce and 
study now. For this model, we construct three kinds of evolutions. The 
first one is ko H > kt £ IC a obtained as in Lemma 14.81 Another evolution 
Qo Qt £ Gu, is constructed in such a way that qt is positive definite in the 
sense that (( G,qt )) > 0 for all G £ _B£ S (T 0 ). These evolutions, however, take 
place in different spaces. To relate them to each other we construct one more 
evolution, uq i—>■ ut, which takes place in the intersection of the mentioned 
Banach spaces. The aim is to show that kt = ut = qt and thereby to get 
the desired property of kt■ Thereafter, we prove the convergence mentioned 
above. 

5.2.1. The model. The function 

<Pcr(x) = exp (—a|x| 2 ) , a > 0, x £ M. d , (5-7) 

has the following evident properties 

To- '■= / T( x )dx < oo, To(x) <1, x £ M. d . (5-8) 

J R d 

The model we need is characterized by L as in (11,41) with E + (x, 77 ), cf. (11.51) . 
replaced by 

K (®> v) = Vct(x)E+ (s, ?y) = Ta(x) Y a + (x - y). (5.9) 

y&v 

5.2.2. The evolution in K, a . For the new model (with E^ as in (15.9D ). the 
operator L A,a corresponding to L A takes the form, cf. (|3.8|> - (13.101) and 
(I4T51) - (14T71) . 

L A ' a = A A ' a + B A ’ a = A b ’ a + B^’". (5-10) 

Here 

A A ’ ff = H A +Af’ CT , A?’ a = A A b + A%'°, (5.11) 

tdA,ct dA 1 tdA,(t pA,cr dA 1 jdA,ct 

B ~ > B b ~ ,6 ’ 

where A a , B a , and A A b are the same as in (13.91) , (13.101) , and (14.151) , respec¬ 
tively, and 

(r?) = YTa(x)E + (x,tl\x)k(r]\x), (5.12) 

x£ri 

(nf ,<T fc) ( 77 ) = b\r]\k(rj) + f Y Ta{x)a + {x - y)k(rj \ x U y)dy. 

I ' Rd x£r/ 

Note that these A A ’ a and B A,a define the corresponding bounded operators 
acting from K. a i to IC a for each real a > a'. As in (13.151) we then set 

V A ’ a = {k£JC a : L A ^k £ JC a }, 


(5.13) 
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and thus define the corresponding operator (La ,<J , T>a ,<T ). Along with (13.171) 
we also consider 

jkt = L*’°kt, h\t= o = ko £ (5.14) 

By the literal repetition of the construction used in the proof of Lemma 14.51 
one obtains the operators Q^ a i(t', B^’ a ), (a,a',t ) £ A(B^), see (14.251) . the 
norm of which satisfies, cf. (14.261) . 


II Qaa'(t;B l 




< 


T(a, a 1 ; B^) 
T(a, a'] B^) — t ’ 


(5.15) 


which is uniform in a. 


Lemma 5.2. Let a\ and a 2 be as in Lemma \J78[ Then for a given k$ £ /C ai , 
the unique solution of in 1C Q2 is given by 

h = Qa ai (t]B^ ,a )k 0 , a £ (ai, a 2 ), t < T(a 2 , ai; Bff). (5.16) 

Proof. Repeat the proof of Lemma 14.81 □ 


5.2.3. The evolution in U a> a- For tp a as in (15.71) we set 


e(<P<r-,v) = Y[ < P<t( x ), 

x£ri 


and introduce the following Banach space. For u : To —> M, we define the 
norm, cf. (12.141) . 


\ u \\a,a = eSS Slip ■ 
7?er 0 


\u(rj)\ exp(—a| 

e(Ta;v) 


(5.17) 


Thereafter, set 

ITaa {n * Fo ^ • 11II11cr,a ^ Oo}. 

By (15.71) and (12.141) we have that 


||ll||a L ||ll||(T,a) ^ £ ITcr^a, 

which yields U a , a IC a . Moreover, as in (12.171) we also have that U a)a ’ ^ 
ILfj a for each real a > of. 

Now let us define the operator La,u in Ida,a the action of which is described 
in (15.101) - (15.121) and the domain is, cf. (15.131) . 


vtu = {n £ U a . a : L^u € U a , a }. 

(5.18) 

Then we consider 


^t|t=0 ^0 ^ ^ a,u * 

(5.19) 

Note that U a ^ a " C V(La,u) for each a" < a , and 



(5.20) 

Our aim now is to Drove that the problem (15.191) with un 

G ^a,cxi h&s & 


unique solution in > where a.\ < oli are as in Lemma 14.81 To this end 
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we first construct the semigroup analogous to that obtained in Lemma 14.21 
Thus, in the predual space Q a ,a equipped with the norm, cf. (14.21) . 

I GW := / \G(rj)\exp(a\r]\)e(ip a -,ri)\(dri) 

J To 

we define the action of A% as follows, cf. (14.51) . 


A 


<J 

b 


A\,b 


+ A% 


(A%G)(tj) = [ ip a (y)E + (y,r])G{riUy)dy, 

JR d 

and A lh acts as in (14.51) . Then we have, cf. (14.71) . 

I A%G\ a , a 


</ [ fcr(y)E + (y, rj)\G(rj U y)\dy ] exp(a|r/|)e((/? (T ; r/)A(dr/) 

J T 0 \JR d / 


= / e 
4 T 0 


E + (x,rj\x) \G(rj)\ exp(a|? 7 |)e(y? tr ; rj)X(dr]) 


< (e-W)W 6 GW. 

Now the existence of the substochastic semigroup {*S' cr ,Q: (^)}i>o generated by 
(A^.T> I7 _ Q ) follows as in Lemma [4721 Here, cf. (14.61) . 


D(T,a {G G Qa,a '■ Eb(‘)G G Gcr : a}- 

Let S® a (t) be the sun-dual to S„ )a (t). cf. (14.111) . Then for each a' < a and 
any u G , the map 

[0, Too) 3 t ha S® a (t)u G U a ^ a 

is continuous, see Proposition 14.31 For real a! < a and t > 0, let be 

the restriction of 5® Q (t) to U G)a i . Then the map 

[0, Too) 3 t ha E Q ’ a ,(f) G CiU ^ a ', U ata ) 

is continuous and such that, cf. (14.231) . 


ICWI<1. *>0. (5.21) 

Now we define (B^ ,rT ) aa / which acts from U a ^ a ' to U a ^ a according to (15.111) 
and (15.121) . Then its norm satisfies 


\m 


) OLOl — 


< 


(a + ) + b + (a )e° 
e[a — a') 


(5.22) 


In proving this we take into account that ^p a {x) < 1 and repeat the argu¬ 
ments used in obtaining (14.181) . 

For real ct 2 > a \ > — logi?, we take a G (< 21 , 0 : 2 ] and then pick 5 < 
a — a\ as in the proof of Lemma 1431 Next, for l G N we divide [ai,o] into 
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subintervals according to (I4.29j> and take (t, t ±,..., ti) €.Ti, see (14.281) . Then 
define, cf. (14.301) . 

■ ■ ■ A) = 

xS^_ la2I _ 2 (ii - t 2 ) X ■ ■ • x SX 2 (f(-i - iSX.W- 

Thereafter, for n G N we set, cf. (14.331) . 


+ 


n /*£ /*£ 




By means of (15.21[) and (|5.22l) we then prove that the sequence {[/l"! (i)}neN 
converges in C{U am ,Ua,a), uniformly on [0, T], T < T(o, oi; L>^), see (|4.24|) 
and (I4.20p . The limit U aai {t) 6 C(U a ^ ai ,Ua,a) has the property, cf. (|4.27|) . 

jU a 2 ai {t) = [(A^ a ) a2a + (B^) a2a ) U aai (t), 

where (A / f‘ ,rT ) a2a € C-(U a ^ a ,U a)a2 ) is defined in (15. lip and (|5.12p . analogously 
to (|5.22p . Note that 

Vu € Z4, a = ((<’ ff )a 2 a + «, (5.23) 

see (15.181) . Now we can state the following analog of Lemma 14.81 


Lemma 5.3. Let a 2 > oi > — logi? be as in Lemma \4-8\ Then the problem 
&5.191) with uq € U a ^ ax has a unique solution ut € lio,a 2 on the time interval 
[0,T(a 2 ,a 1 -B^)). 

Proof. Fix T < T(a 2 ,a±; B^) and find a € ( 01 , 02 ) such that also T < 
T(a , ,ai' 1 B^). Then, cf. (|4.37p . 

u t := U aai (t)u 0 (5.24) 

is the solution in question, which can be checked by means of (15.231) . Its 
uniqueness can be proved by the literal repetition of the corresponding ar¬ 
guments used in the proof of Lemma 14.81 □ 


Corollary 5.4. Let k t be the solution of the problem J5. lf\ ) with fco € U aai 
mentioned in Lemma, \ 5. 2[ Then kt coincides with the solution mentioned in 
Lemma E3 


Proof. Since (L„’ CT , T>a’ a ) is an extension of (La’u , Paju), see (|5.20l) . and the 
embedding U ayOL IC a is continuous, the solution as in (|5.24l) with uq = ko 
satisfies also (15.141) . and hence coincides with kt in view of the uniqueness 
stated in Lemma 15.21 □ 











































34 


YURI KONDRATIEV AND YURI KOZITSKY 


5.2.4. The evolution in Gw We recall that the space Q a was introduced in 
where we used it as a predual space to /C Q . Now we employ Q a to 
get the positive definiteness mentioned at the beginning of this subsection. 
Here, however, we write Gw to show that we use it not as a predual space. 
Let L A,fT be as in (15.101) . For w E R, we set, cf. (15. 1311 and (|5.18p . 

= {q^Qu-. L A '°q £ Gw}- 

Then we define the corresponding operator (L A,rT ,V A ' a ) and consider the 
following Cauchy problem 

^q t = L A ' a q t , q t | t=0 = qo £ V A ' a . (5.25) 

As above, one can show that Gw' C T> A ' a for each u' > u. By (15.171) and 
(|4.2|) for u £ U aa we have 

I u\ u < WuW^a / exp((w + a)\rj\)e((p a -,ri)X(dri) (5.26) 

Jr o 

< |M|<r,a exp (^e" 4 "") , 

see also (15.81) . Hence U a)OC Gw for each ui and a. Like in f|5.20[> we then 
get 

(L A ;:,V A Z)C(L A ’°,V A ’°). (5.27) 

Lemma 5.5. Assume that the problem \5.25\) with co > 0 and qo £ Gw', 
u' > w, has a solution, qt £ Gw, on some time interval [0,T(u/,ca)). Then 
this solution is unique. 

Proof. Set 

w t (v) = (-i 

which is an isometry on Gw Then qt solves (15.251) if and only if wt solves 
the following equation 

d n 

w t {rj) =-E{ri)w t {rj) + \ E~(y, rj)w t (i] U y)dy (5.28) 

at J R d 

- ^2 <Pa(x)E + (x, r] \ x)w t {rt \ x) 

x£ri 


+ 


Y, Va{x)a + (x - y)w t (x \iU y)dy. 

x£ Tj 


Set 


Vw = {w £ Gw ■ E{-)w £ Gw}- 

By Proposition 14.11 we prove that the operator defined by the first two 
summands in ()5.28j) with domain T> u generates a substochastic semigroup, 
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{K;(i)}t >05 acting in Gw- Indeed, in this case the condition analogous to 
that in (14.8|) takes the form, cf. ( 14.91) . 

— / E(rj)w(rj)exp(uj\ri\)X(dri) 

J To 


+r 1 e ul E (rj)w(rj) exp(w|r/|)A(dr?) < 0, 

J r 0 

which certainly holds for each co > 0 and an appropriate r < 1. For each 
co" G (0,w), we have that Gw Gw", and the second two summands in 
(15.281) define a bounded operator, Ww"w '■ Gw ~> Gw" , the norm of which can 
be estimated as follows, cf. (|5.3|> . 




w"w\\ — 


< 


(e u + l)(o+) 
e(ur — co") 


(5.29) 


Assume now that (15.281) has two solutions corresponding to the same initial 
condition wo(rj) = (—1)^ qo ( 77 ). Let vt be their difference. Then it solves 
the following equation, cf. (|4.38l) . 


v t 


f 

■Jo 


Vw"(t - s)Ww"wV s ds, 


(5.30) 


where vt on the left-hand side is considered as an element of Gw" and t > 0 
will be chosen later. Now for a given n G N, we set e = {u — ui")/n and then 
u l := u — le, l = 0,..., n. Thereafter, we iterate (15.301) and get 


v t 



Vw" {t ~ ti)W 0J "w n - 1 kL"- 1 (ti — ^2) x ■ ■ ■ x 


X W^ 2 w i V/jji [tn—1 - tr^W^V^dtn ■ ■ ■ dt\. 


Similarly as in (I4.39p . by (15.291) this yields the following estimate 


1 (n\ n f t(a + )(e U} + 1) 




CO - CO" 


sup \V s \w- 
sG[0,t] 


The latter implies that vt = 0 for t < {oo — co")/(a + )(e u + 1). To prove that 
vt = 0 for all t of interest one has to repeat the above procedure appropriate 
number of times. □ 


Recall that each lA a , a is continuously embedded into each Gw, see fl5.26j) . 

Corollary 5.6. For each co > 0, the problem \5.25\) with qo G U a ,a 0 has a 
unique solution qt which coincides with the solution ut G U a ^ a mentioned in 
Lemma E3 

Proof. By (|5.27l) ut is a solution of (|5.25l) . Its uniqueness follows by Lemma 

m □ 
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5.3. Local evolution. In this subsection we pass to the so called local 
evolution of states of the auxiliary model (15.101) . (|5.11j) . For this evolution, 
the corresponding ‘correlation function’ qt G Gu> has the positive definiteness 
in question. Then we apply Corollaries 15.41 and 15.61 to get the same for the 
evolution in JC Q . Thereafter, we pass to the limit and get the proof of Lemma 

m 

5.3.1. The evolution of densities. In view of (12.2p . each state with the prop¬ 
erty p(T o) = 1 can be redefined as a probability measure on £>(To), cf. 
Remark 12. 11 Then the Fokker-Planck equation (j 1 . 3 D can be studied directly, 
see [|T9l Eq. (2.8)]. Its solvability is described in [19, Theorem 2.2], which, 
in particular, states that the solution is absolutely continuous with respect 
to the Lebesgue-Poisson measure A if po has the same property. In view of 
this we write the corresponding problem for the density 


Rt 


djM 

d\ ’ 


see also m Eq. (2.16)], and obtain 

jRt{ri) = (L^R t )( V ), 

where 


Rt\t=o — Ro, 


(5.31) 


(5.32) 


(L ] ' a R){ri) := ~^ a (r])R(r]) + ^ p a (x)E + (x, q \ x)R t {r] \ x) (5.33) 


+ 


and 


/ (m + E (x,ry)) Rt(v U x)dx, 

J R d 

a (y) = E(r])+ ip a (x)E + (x, rj)dx. 
Jm d 


We solve (|5.32l) in the Banach spaces Go = L 1 (Fo,dA), cf. (14.11) . For n G N 
we denote by Go,n the subset of Go consisting of all those R : To —>• M for 
which 

[ \v\ n \R(ri)\ A(d/?) < oo. 

JR d 

Let also G^f stand for the cone of positive elements of Gu- Set 

To = {R G Go : ^*R € Go}- (5.34) 

Then the relevant part of m Theorem 2.2] can be formulated as follows. 


Proposition 5.7. The closure in Go °f the operator (L^ ,a ,Vo) defined in 
\5.3 C 3\) and \5.3Jifi generates a stochastic semigroup {S't’ or (i)} t > 0 := S't’° r of 
bounded operators in Go, which leaves invariant each Go,n, n € N. Moreover, 
for each (3 1 > 0 and ft G (0, (3’), R G Gp, implies S^ ,a (t)R G Gp holding for 
all t < T((3',f3), where T(/3',/3 ) = +oo for (a + ) = 0, and 

T(ff, P) = (P' - p )e-^/(a + ), for (o+) > 0. 


(5.35) 
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Let now /lq be the initial state as in Theorem 13.31 Then for each A G 
the projection /u A is absolutely continuous with respect to A a , see 
(12.71) . For this /io, and for A 6 £>b(®( d ) and N G N, we set, see (15.311) . 

R o(v) = %t(ri)lr A (r,), Rq’ N (v ) = r o(v)In(v), V € T 0 . (5.36) 

Here In and Ir A are the indicator functions of the sets {q G To : |? 7 | < N}, 
JVeN, and Ta, respectively. Clearly, 

V/3 > 0 r£’ n G Gp (5.37) 

Set 

np N = S^’ a (t)R^ N , t > 0, (5.38) 

where S^ ,a is the semigroup as in Proposition 15.71 Then also R^' N G Gq for 
all t > 0. 

For some G G -Bb s (Fo), let us consider F = KG, cf. (12.4|) . Since G (£) = 0 
for all £ such that |£| > N(G), see Definition 12.21 we have F G T'cy^r) and 

|i^(7)l <(1 + 171)^^), 7 e r 0 , 


for some C(G ) > 0. By Proposition 15.71 we then have from the latter 


((KG,R?' n )) 


< oo. 


(5.39) 


5.3.2. The evolution of local correlation functions. For a given /u G V s p, the 
correlation function k fl and the local densities i? A , A G £>b(®l d ); see (12.81) . 
are related to each other by (12.91) . In the first formula of (I5.36|) we extend 
Rq to the whole To- Then the corresponding integral as in (|2.9I) coincides 
with k^, 0 only on Ta- The truncation made in the second formula in (|5.36l) 
diminishes Rq . Its aim is to satisfy (|5.37p . Thus, with a certain abuse of 
the terminology we call 

q$' N (v) = [ Ro’ N (vGOm) (5.40) 

7r 0 

local correlation function. The evolution < 7 ^ ,N 1-7 q^' N can be obtained from 
(|5.38l) by setting 

qt’ N (v)=f i^%UOA(dO, t> 0 . (5.41) 

J r 0 


However, so far this can only be used in a weak sense based on (15.391) . Note 
that for G G B^Tq), cf. (12.111) . we have 

((G, q p N )) = ((KG,Rt’ N ))> 0, (5.42) 

since Rf' N G Gp To place the evolution q^’ N 1-7 q^’ N into an appropriate 
Banach space we use the concluding part of Proposition l5.7l and the following 
fact 





To 


(1 + e^) 1 ^ 1 Rf’ N {r])X(dr]), 


(5.43) 
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that can be obtained by (12.131) . Since Rq’ N G Gy for any fa > 0, see ()5.37|) . 
we can take fa = /3 + 1 which maximizes T(fa,(3) given in (|5.35l) . Then for 
each (3 > 0, we have that 


Ri' N £ Gg, for t < t(/3) := ( 5 - 44 ) 

Hence, q A,N G Gui whenever Rf’ N G Gg with f3 such that = 1 + e w , cf. 
(15.431) . Moreover, for such u and f3 the right-hand side of (I5.4ip defines a 
continuous map from Gg to Gu- 


Lemma 5.8. Given > 0 and 0 J 2 > let fa be such that eP ' 1 = e UJi + 1, 
i = 1,2. Then q A ’ N is continuously differentiable in G Wl on [0, T(fa)) and 
the following holds 


a A ,N t A,cr A,IV 

jt q > =i « < " - 


(5.45) 


Proof. By the mentioned continuity of the map in (15.411) the continuous 
differentiability of qf~’ N follows from the corresponding property of R^' N G 
Gg 2 , which it has in view of (15.381) . Then the following holds 

(cl^) ^ = J r { L ^i R t’ N ) U OHdO (5-46) 

Where lPf° is the trace of fa ,a in Gpi ■ We define the action of L a = A a + B a 
in such a way that 

((L"G,k)) = ((G,L A ’°k)), 

where that L A ' a acts as in (15. 10p and (15.111) . Then A a acts as in (14.51) with 
E + (y, v) replaced by ip a (y)E + (y, y), and B a acts as in (15.21) with a + (x — y) 
multiplied by <p a (x). Let G : r 0 — > M be bounded and continuous. Then for 
some C > 0 we have, see m, 

\L a G(y)\ < \y\ 2 C sup \G(y)\, \K(Z"G)(y)\ < \y\ 2 2^C sup \G(y)\, 

r?er 0 ryeTo 


and hence we can calculate the integrals below 

((L°G, qt' N )) = «G, L A faqf'' N )), (5.47) 

where oil and q^’ N are as in (I5.46|) . On the other hand, by (15.461) we have 
& a, o, A ' w » = iKL°G, R^)) (5.48) 

= ((KG.L^R^)) = (G,fff N )). 


Since (|5.47p and (15.481) hold true for all bounded continuous functions, we 
have that the expression on both sides of (15.451) are equal to each other, 
which completes the proof. □ 
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Corollary 5.9. Let kf )N £ JC a2 be the solution of the problem \5.1f\ ) with 


= %' 


£ lCc 


see Lemma HOI Then for each G £ B£ s ( ro) and 
t < min{r(ci!2, cci; B A ); l/e(a + }}, 


see \5.44\ )> we have that 


((G,k?’ N ))> 0. 

A ,N 


(5.49) 


Proof. By (|5.36l) and (|5.40l) we have that g 0 ’ £ lA„ i0l 1 (this is the reason to 

consider such local evolutions). Let then ut be the solution as in Lemma [5.31 
with this initial condition. Then by Corollaries 15.41 and 15.61 it follows that 
= u t = q A,N for the mentioned values of t. Thus, the validity of (15.491) 
follows by ([5.42)1 . □ 


5.4. Taking the limits. Note that (15.49(1 holds for 

kt’ N = Q a aaAt-,B^)Qo’ N ^ 

with a £ ( 01 , 02 ) dependent on t. see (15.161) . In this subsection, we first 
pass in (15.491) to the limit a 4- 0, then we get rid of the locality imposed in 
(I5T36D . 

Lemma 5.10. Let kt and k° be the solutions of the problems ^3.17\ ) and 
\5.14\ l, respectively, with kt\t=o = k t\t=o = k o G /C Q[) , 00 > — logiL Then 
for each a > a 0 there exists T = T(o, oo) < T(o, 00 ; B A ) such that for each 
G £ B hs (T 0 ) and t £ [0, T] the following holds 

lim ((G,k?)) = ((G,kt)). (5-50) 

( 74,0 

Proof. Take 02 £ (oo, o) and 01 £ ( 00 , 02 ). Thereafter, take 

T < min {T(oi, a 0 ;B A );T(a, a 2 ;B A )} . (5.51) 


For t < T, by (14.271) . (14.371) . (15.111) . and (15.161) we then have that the 
following holds, see (14.371) and (15.241) . 


Qaa 0 

(f; Bf)k 0 = 

Qaa 0 (t)k 0 + M a {t) + N a {t), 




M„(t) := 

Qaa 2 {t - S]B£) ({A^) aaa 1 ■ 

- (A^’ ff ) Q2Ql ) 

kfds 


N a (t) := 

Qaa 2 {t - S;Bf) ([B^ b ) a2ai 

— ( B 2,b )o2Ql 

) Kds, 

where 







K = Qa iao (^ B t) k 0- 


(5.52) 

Then 






((G, k t }} 

-((G,K)) = {(G,M a (t))) + {(G, 


(5.53) 
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By (15.51) we get 


where 


{{G, M a (t))) = I'{{G,Q aa2 (t — s; B^)v s ))ds (5.54) 

Jo 

= [ ((H a2a (t - s)G,v s ))ds = [ (( G t -s,v s ))ds, 

Jo Jo 

(( G t -s,v s )) (5.55) 

= [ Gt-s{v) ^2 (! - ¥>*(*)) E + (x , rj \ x)k°(rj \ x)\{drj) 

J ?0 X £ri 

Gt-siv u x) (1 - E+ (x , ? i)k a s (rj)dx\{drj), 



'r 0 


where the latter line was obtained by means of ()2.131) . Note that kg G K, ai 
and Gt~s £ Ga 2 for s < t < T, see (|5.51[) . We use this fact to prove that 

g s (x):= X +1 \G 8 (rfUx)\e a 2 M X(dri) 


lies in L 1 (M“) for each s € [0,f]. Indeed, by (|2.13l) and (|4.2|) we get 


II^S II Z, 1 (M rf ) < e ° 2 \G s \a 2 < Cl < OO, 


where 


Ci := e “ 2 max |G s | a2 < 


e ~ a °T(a,a 2 ;B£)\G\ c 


(5.56) 

(5.57) 

(5.58) 


se[o,T] T(a, a 2 ; B^) — T 

see (15.61) . By ()5.15|) and (15.521) we also get 

, 1 , 0 -n ^ T( ai ,a 0 -,B^)\\k 0 \\ ao n . 

max Ilk, L, < --— =: 62 < 00 , 

se[o,f] T(ai,a 0 ;B 6 A )-T 

see (15.511) . Now we use (15.551) . (|5.56l) . (15.581) and obtain by (13.21) and (13.121) 
that the following holds 

|((G,M tr (i)))| < x(a 2 - a 1 )\\a + \\e ai C 2 (5.59) 


/ / 5 s 0 * 0(1 - ip a (x))dxds, 

Jo J K d 


where 


1 


* i/3) '-7e + UJ 


2 V 


By (|5.561) and (15.571) we conclude that the integrand in the right-hand side of 
(|5.59l) is bounded by C\ . By the Lebesgue dominated convergence theorem 
this yields RHS (15.591) —> 0 as a 0. In the same way one proves that also 

\((G,N a (t))) |-> 0, (T | 0 , 
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which yields (15.501) . see (15.531) . 


□ 


Below by a cofinal sequence {A n } ng jsj C we mean a sequence such 

that: A n C A n+ i for all n, and each x £ R belongs to a certain A n . 


Lemma 5.11. Let {A n } ng fsj be a cofinal sequence and q^’ N be as in fl 5.f0\ ). 
Let also ai and a 2 be as in Lemma \J79 \ Then for each t £ [0, T(a 2 , au; B A )) 
and G £ -BbslTo), the following holds 


lim lim (( G , Q a2a 1 
n—>+oo A—>+oo 


(t-B^)q 


An,N 

0 


)) 


((G, Qa 2 a 1 {t] )k flQ )). 


(5.60) 


Proof. As in (|5.54l) . we prove (15.601) by showing that 


!im lim {(G, Q a2Ql (t; B^)q^ n ' N )) 

n->+oo iV->+oo 

= I™ lim {{H aia2 (t)G, $ n,N )) = {{H aia2 (t)G, k^)). 

n->+oo A->+oo 


(5.61) 


Since Gt := H aia2 (t)G lies in Q ai , the proof of (15.611) can be done by the 
repetition of arguments used in the proof of the analogous result in 01 Ap¬ 
pendix], □ 


5.5. The proof of Lemma 14.91 Let a\ and a .2 be as in Lemma 14.91 and 
{A n } rig i^ be a cofinal sequence. Take k M £ K. ai and then produce qQ n,N , 
n £ N, by employing (15.361) and (15.401) . Let T(a 2 ,a:i) < T(a 2 , or; B^) be 
such that (15.491) holds with 

kt n ’ N = Q rT (a 2 ,a 1 -,Bt)qo n ’ N , t < T(a 2 ,a 1 ). 

Note that T(a 2 ,ai) is independent of A n and N, see Corollary 15.91 By 
Lemma 15.111 we then have that 

((G,Q- 2Q1 (t;f? fe A )fc w ))> 0. 

Now we apply Lemma 15.101 and obtain 

(( G , Q a2 ai (t; )k fl0 )) > 0 , 

which holds for 

t < r(a 2 ,ai) := min |T(a 2 , «i); T(a 2 , «i)| , 
which completes the proof. 
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